Chapter 13
( LIMITS AND DERIVATIVES )

13.1 Overview

13.1.1 Limits of a function

Let fbe a function defined in a domain which we take to be an interval, say, I. We shall
study the concept of limit of f at a point ‘@’ in I.

We say lim f(x) is the expected value of fat x = a given the values of f near to the
xX—a-

left of a. This value is called the left hand limit of f at a.

We say xﬁ_{}} JF(X) s the expected value of fat x = a given the values of f near to the

right of a. This value is called the right hand limit of f at a.

If the right and left hand limits coincide, we call the common value as the limit of f at

x = a and denote it by liirl S,
Some properties of limits

Let fand g be two functions such that both lim f(x) and lim g(x) exist. Then
xX—>a xX—>a
@) lim[£(x)+g®I=lim f(x)+ lim g(x)
x—a x—>a x—>a
@) lim [f(x)—-g)]=1lim f(x)—lim g(x)
x—a x—>a x—>a

@iii) For every real number o

lim (o f)(x)=olim f(x)
@iv) 1133 [f(x)g)]= [152 J () 1213g(X)]

£(x) lim f(x)

im It _xoa .

1123 2(x) limg (x) , provided g (x)# 0
x—>a
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Limits of polynomials and rational functions

If fis a polynomial function, then liin f(x) exists and is given by

lim () = f(a)

An Important limit

An important limit which is very useful and used in the sequel is given below:

n n
X —a 1
=na"

lim
xX—>a X —a
Remark The above expression remains valid for any rational number provided ‘a’ is
positive.
Limits of trigonometric functions

To evaluate the limits of trigonometric functions, we shall make use of the following
limits which are given below:

sin x . .
. . _ ] =1 ] =0
(1) )1611;% X - 1 (]1) xll;% cosx (1]1) XE)T(% sin X
13.1.2 Derivatives Supposef is a real valued function, then

f’(x) — lim f(x+hl/)l_f(X)

h=0 - (D
is called the derivative of f atx, provided the limit on the R.H.S. of (1) exists.

Algebra of derivative of functions Since the very definition of derivatives involve
limits in a rather direct fashion, we expect the rules of derivatives to follow closely that
of limits as given below:

Let f and g be two functions such that their derivatives are defined in a common
domain. Then:

(i) Derivative of the sum of two function is the sum of the derivatives of the functions.

%[f(x) + 8] =% f(X)+%g(x)

(i) Derivative of the difference of two functions is the difference of the derivatives
of the functions.

%[f(x) - g()] =% [ —%g(x)
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@iii) Derivative of the product of two functions is given by the following product
rule.

L[y g00] - % 700 50+ £ [%g(x)]

This is referred to as Leibnitz Rule for the product of two functions.

(iv) Derivative of quotient of two functions is given by the following quotient rule
(wherever the denominator is non-zero).

d d
a4 ( Lx)j ) [E f(x)j ()~ () [5 g(x)]
ax\g(v) - (2)

13.2 Solved Examples
Short Answer Type

Evaluate lim{ 1 — 2(2x-3) }

w2 x =2 x> —3x%+2x
‘We have
. 1 2(2x -3 -
lim — ( x2 ) _ lim 1 3 2(2x-13)
2 x -2 x=3x"+2x =2 x =2 x(x-1D)(x-2

[x(x-1)-2(2x- 3)}
=2 x(x-1D(x-2)

[ x?-5x+6
2| x(x-D(x-2)

[(x-2)(x-3)
2 x(x-D(x-2)

[ x-3 -1
— lim =—
=2 x(x-1) 2

} [x =2 #0]
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Evaluate lim
x—0

Nyl

Put y = 2 + x so that when x — 0, y — 2. Then

1 1
[ _ 2 _92
R S O
x—0 X y—>2 y—2
1 31 1 -3 1
= —(2)f ==2 T=—x
® 2 22
Find the positive integer n so that lim T —108.
x23 x =3
We have
. x"=3"
o3 < n(3y !
Therefore, n(3)y-1'= 108 =4 (27) =4(3)*-!
Comparing, we get n= 4

Evaluate lim (sec x — tan x)
K

N
2

s
Puty= E—X.Theny%()asx% g.Therefore

lim (sec x — tan x)
K

X*)E

Tc Tc
i —_—— —t —_—
ylil’é [sec(2 y)—tan (2 1

= lim (cosec y —cot y)
y—>0

1
- lim(_ —Cf’syj
y»0\siny siny

= lim (—1 —CO8) j
>0 sin y
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1 _
2sin2 Y since, sin’ YO8 y)
i 2
= m
y—0 .y y . .y y
2sin= cos= = = cos =
sin % cos 3 sin y=2sin= cos 5
= lim tanZ =0

Y
=0
2

sin (2 + x) —sin(2 — x)

Evaluate lim

x—>0 X
(1) We have
QR+x+2-x) . R+x-2+x)
. sin(2 +x) —sin(2 —x) . 2cos s 2
lim = lim
x—0 X x—>0 X
. 2cos2sinx
= lim ——
x>0 X

20082 lim 22X — 2¢0s2 [as lim 22X lj
x>0 x x>0 x

Find the derivative of f(x) = ax + b, where a and b are non-zero constants,
by first principle.
By definition,
o - fW)
fx) = lim P
lima(x+h)+b—(wc+b)
h—0 h

lim bh
= >0 h =b

Find the derivative of f(x) = ax*>+ bx + ¢, where a, b and ¢ are none-zero
constant, by first principle.

By definition,

f/(x) — lim f(-x +h) — f(-x)

h—0 h
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2 P R
]jma(x+h) +b(x+h)+c—ax" —bx-c
h—0 h

. bh +ah®+2axh )
= lim —————— = Im g 4 25x 4 h=h +2ax

h—0 h h—0

Find the derivative of f(x) = x°, by first principle.
By definition,

i LGN~ f@

h—0 h

f(x) =

3.3
lim (x+h)’ —x
h—0 h

X+ 43 (x+h) -
lim
h—0 h

Hm 2 4 3x (x + h)) = 3

1
Find the derivative of f(x) = ; by first principle.

By definition,
, . fx+h)— f(x)
0 = lim
! ( 1 1}
= lim— —
>0 h\x+h x
—h -1

=_2.

lim ———
h=>0h(x+h)x x
Find the derivative of f(x) = sinx, by first principle.
By definition,

o = i LG =

h—0 h
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sin (x+ h) —sinx

= lim
h—0 h
[2x+hj . h
2cos sin—
= Jim I

2.
2

. h

2x+h sz

lim cos (2x+h) -lim 2
h—>0 2 >0 h

2

= cosx.l =cosx

Find the derivative of f(x) = x", where n is positive integer, by first

principle.
By definition,
, fx+m) - f)
f) = .
(x+h)"—x"

h
Using Binomial theorem, we have (x +h)" ="C x" +"C, X' "' h + ... +"C h"
. (x+R) = X"
m—

li
h—0 h

Thus, fx)

o oh(mx™ L+
= llm =n‘x”_1‘

h—0 h

Find the derivative of 2x* + x.
Let y=2x*+x
Differentiating both sides with respect to x, we get
dy

2 %<2x4>+%(x)

2 x4xt T+ 1x°
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& +1

d
Therefore, ;(2 X+ x) &3 + 1.

Find the derivative of x2 cosx.
Let y = x? cosx

Differentiating both sides with respect to x, we get

dy

d
— = —(x"cosx)
dx

dx

2 d d
x~"—(cosx)+cosx— (x7)
dx dx

= x? (- sinx) + cosx (2x)
= 2x cosx — x2 sinx

Long Answer Type

2sin’x +sin x— 1

Evaluate lim —— -
X% 2sin”x —3sin x+ 1
Note that
2sin* x+sinx—1= (2sinx—1) (sinx+ 1)
2sin’x—-3sinx+1= (2sinx—1)(sinx—1)

Theref lim 2sin’x +sinx—1 L Qsinx —1) sinx +1)
eretore, )H% 2sin’x —3sinx +1 . (2sin x —1) (sinx —1)
. sinx+1 .
= lim (as 2 sinx—1#0)

)H% sinx—1

1+sin%
T =-3
sin——1

6
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. tanx-—sinx
Evaluate lim T e—

x>0 sin” x

We have
. . sin x - j
. tanx—sinx .
lim —_— lim %
x—0 sin” x x>0 s X
. 1—cosx
= lim——

. 2
x>0 cosx sin” x

2sin? X
~ lim 2 =

x—>0 . X X
COS X (4 sin® =- cos® —j
2 2

| —

Eval . a+2x —~3x
te lim
Mg ,/3a+x —2x

We h B ,'a+2x—\/3x
e have lim Y—=—o—=
w0 Ba+x —2x

,/a+2x \/5 ,/a+2x+\/3_x
xﬁa\/3a+x ZJ_ \/a+2x+\/§

. a+2x—3x
= lim

" B ra - 2vE) (s 25 4 B)

lim (a—x) («,’3& +x+ 2\/;)
x—a (Ja +2x +\/3_x)(\/3a +x — x) (J3a +x+ 2«\/;)

i (a—x)[,/3a+x+2\/_]
B Xlgi(,/a+2x+\/§) 3a +x— 4x)
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3x2+Ba 33 9

cos ax —cosbx

4Ja 2 23

Evaluate lim
x>0 coscx —1

2sin (@xj sin (a—_zb)x
We have lim

x—0 ’ sin® cx
2
2sin (a+b)x - sin @a-bx 2
li 2 2 x
= 1im > . o
0 x sin? =
2
2
- 4
sin (a+b)x sin (a—b)x (gj A
- lim 2 : 2 127 c
T a0 (@+b)x [ 2 ] (a—b)x‘ 2 Sinzz
2 a+b 2 a->b 2

= 2 2 2

[a-i—bxa—b 4] a® —b*

2 . e
Evaluate lim (a+h)”sin(a+h)—a"sina
h—>0 h

(a+ h)* sin (a+ h)—a’sina
h

We have lim
h—>0

- 1lim (a2 +h+ 2ah)[sina cos h +cosa sinh]— a’sina
- h—0 h

. .a’sina(cosh—1) a*cosasinh
= lim|[ +
h—>0 h

+ (h+2a) (sina cos h + cosasin h)]
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. .2 h

a’ sina (=2sin* —) | 2 .

. . a“cosasinh . .

lim 5 — |+ lim—————+ 1lim (h +2a)sin (a + h)
__h—0 h 2 h—>0 h )

2

=a?sinax 0+ a>cosa (1) +2asina
= a* cos a+ 2a sin a.
Find the derivative of f(x) = tan (ax + b), by first principle.

Jx+h)—fx)

Soluti ‘(x) = li
Solution We have f”(x) Jm 7

. tan(a(x+h)+b)—tan(ax+b)
=lim
h—>0 h

sin (ax + ah + b) 3 sin (ax +b)
cos (ax+ah+b) cos(ax+b)

_lim

h—0 h

lim sin (ax+ ah + b) cos (ax+ b) —sin (ax + b) cos (ax + ah +b)
T h0 h cos (ax +b) cos (ax +ah +b)
_lim asin (ah)

h=0 g+ h cos (ax +b) cos (ax + ah + b)

. a . sinah
=lim lim [as h — 0 ah — 0]
h—0 cos (ax +b) cos (ax +ah + b) ah>0  gh

a
=m = a sec? (ax + b).

Find the derivative of f(x)=+/sinx , by first principle.
By definition,

f/(x) — lim f(x +h]/)L_ f(x)

h—0
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. Jsin (x+h) —fsin x
lim

h—0 h

; (+f5in (x+ ) —f5inx ) (fsin (v +4) + fsin x)
= 1m
h—>0 h (\/sin (x+ h) +/sin x)

. sin (x+ h) —sinx
lim
h—>0 h(\/sin (x+ h) +fsin x)

[Zx + hj . h
2 cos sin

= lim 7
"0 2- E(Jsin (x+h)+ \/Sinx)

COS X 1 -
= = = —cot x+fsinx
2 Jsin x 2

. L cos x
Find the derivative of —.
1+sinx
L cos x
ety = X
Y 1+sinx

Differentiating both sides with respects to x, we get

dy i( cos X j
dc  dx\1+sinx

(1+ sin x) i (cosx) — cosx i (1+sinx)
dx dx

(1+ sin x)?

(1+ sin x) (—sinx) —cosx (cos x)
(1 + sin x)*
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—sinx —sin® x— cos® x

(14 sin x)*

—(1+sinx) a -1

(1 + sin x)* " l+sinx

Objective Type Questions

Choose the correct answer out of the four options given against each Example 22 to 28

(M.C.Q.).

sinx .
iIm ————— is equal to
x>0 x(1+ cosx)

1
(A) O (B) 3 ©) 1 (D) -1
(B) is the correct answer, we have
2sin z cos z

—_— _ lim—~—+#
x>0 x(1 + cos x) x>0 N (20052 ﬁj
2

sinx

tan>
1
= —Ilim 2 = l
2 x>0 E 2
2
. l—sinx .
lim is equal to
X cosx
2
(A) 0O B) -1 <O 1 (D) does not exit

(A) is the correct answer, since

1—sin 1—sin[£—yj T
lim Al lin(1) — 2 [taking—— xzyj
x> COs x y> L COS(E— j J 2
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2sin® <
. l—cosy
= lim ——= _ 1m
T o0 siny T " 9gind s
2 2
= lim tanZ =0
=0 2
.o Ixl
lim — is equal to
x>0 x
(A) 1 (B) -1 < o (D) does not exists

(D) is the correct answer, since

o Ixl x
RHS = lim—=-=1
x>0t X X
o Ixl —x
and LHS= Ilm—=—=-1
x—>0 X X

lim
x—1

(A) 1 (B) 2 (G 0) (D) does not exists
(D) is the correct answer, since

[x —1] , where [.] is greatest integer function, is equal to

RH.S = lim[x-1]=0
x>l
and LHS= lm [x-1]=-1
x—1

. 1
lim x sin— is equals to
x—0 X

1
(A) O B) 1 (©) 5 (D) does not exist

(A) is the correct answer, since

. 1
limx=0 yp4 1 < sin— < 1, by Sandwitch Theorem, we have
x—0 X
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. 1
lim xsin— = (
x—0 X
. 1+2+3+...+n
Example 27 lim —— —, ne N,isequal to
n—w n
(A) O B) 1 ©) L (D) :
2 4
. 1+2+43+...+n
Solution (C) is the correct answer. As ,}gﬂ T
_ lim nn+l) i l[1+ lj _1
T now 21’12 ) n 2
(m
Example 28 If flx) = x sinx, then f 3 is equal to
1
(A) O (B) 1 ©) -1 (D) 3
Solution (B) is the correct answer. As f~ (x) =x cosx + sinx
T T o
=] = —cos—+sin—=1
S0, / [2j 2 2 0
13.3 EXERCISE |
Short Answer Type
Evaluate :
2
L tim , tim 2 i Yo
. . [ | 3.
>3 x -3 >3 X h—0 h
L1 3 3
3 _93 6 _ 2 _ 2
g, Em &2 -2 0 Tl EE D @ r2)

x—0 X x—>1 (1 + x)2 -1 x—a X—a
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4 2 _
7 lim X —x o Tim %
=l x -1 X92J3x—2—\/x+2
4 7 5 3 3
. x -4 Lox =2x7+1 ,’1—1— —\’1—
9. lim — 10, limS>—=—=5— 11, m¥>_Z a
a2 xX° 4+ 32x -8 ol x” —3x"+2 x>0 X2
b lim 22T s gim (82341
T3 x7 4243 i 2x -1 4x2—1J
2
. T . sin3x
14. Find ‘n’, if lim =80,ne N 15. lim —
2 x—2 x—a gin 7x
_ sin?2x . 1-cos2x . 2sinx —sin 2x
16. lim—; 17. lim———= g lim————
x>0 sin“ 4 x x>0 X x>0 X
. l—cosmx .4/l —cosbx fipp Si0X — COSX
19, lim-——— 20, Im=———= 1. n T
’H?\E(E— j 4 X 4
lim \/5 sin x —cos x sin2x+ 3x o4 lim sinx —sina
22. ox o 23. 2 + tan3x 24. I Ja
° 6
2y V2 - Jl+cosx
pe dmoCam3d g 2 reosy
H% cosecx —2 x>0 sin” x
sin x — 2sin 3x + sin 5x
27. lim
x—0 X
4 3.3
.X = . -k .
28. If lim = lim ———, then find the value of .
>l x—1 x=>k x° —k

Differentiate each of the functions w. r. to x in Exercises 29 to 42.

29.

4 3 2
xtx 4+l 30.
X

(o2

31. Bx+5) (1 + tanx)
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3x+4 X — cosx
32. (secx—1)(secx + 1) 33. m 34. W
x2cosZ
35, —4 36. (ax? + cotx) (p + g cosx)
sin x
a+bsinx .
— 1 2 _ 2 3
37. ot doosx 38. (sin x + cosx) 39. @2x-723Bx+)5)
1
40. x2 sinx + cos2x 41. sin’x cos’x 42, ————
ax“+bx+c

Long Answer Type

Differentiate each of the functions with respect to ‘x’ in Exercises 43 to 46 using first
principle.

ax+b

[SSN )

43. cos (2 + 1) 44. 45.

o +d X

46. x cosx

Evaluate each of the following limits in Exercises 47 to 53.

(x+ y)sec(x + y)— xsecx

47. lim
y—>0 y

lim (sin(ot 4+ B) x+ sin(o —B)x+sin 2 x) x
4850 cos 2Px — cos 20ux

X
1-sin—=
3 ) 5
. tan" x—tanx
49. hrr111—n 50. lgmﬂ x( —— xj
=7 cos(x-i-zj COSE COSZ_SIHZ

51. Show that lim 2=
x4 x—4

[ .
does not exists
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kcosx
5 when x;tE
52. Let f(x) = To2x and if lim f(x)= f(E)»
s ot 2
3 xX== 2
2

find the value of k.

x+2 x=<-1 .
find ‘¢’ if im f(X) exists.
cx x>-1

53. Let f(x) ={

Objective Type Questions
Choose the correct answer out of 4 options given against each Exercise 54 to 76

(M.C.Q).

sin x

54, lim is

X>T X — 7

A) 1 (B) 2 (©) -1 (D) -2

x’cosx
is

lim

x>0 ] —cosx

9
9

(A) 2 (B) © = (D) 1

| w

lim —(1+ 0 1 is
x—>0 X

(A) n B) 1 (C) —n D) 0

) "1
57. lim = is

1 x" -1

m
(A) 1 (B) < —= D) —=
n n

= |3

1—cos46 .
im—— is
x>0 ] —cos60

9
o



59.

60.

61.

62.

63.

64.

65.
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(A) 2 B) £ © = (D) -1
9 2 2
cosecx —cotx

lim ——— g
x>0 X

A) = B) 1 C) D) 1
A (B) ©) 3 (D)

lim sin x )
)HO,/x+ —,,l—x 1
(A) 2 (B) 0 ©) 1 (D) -1

. sec’x—2

lim ———— g
X tanx—1

4

(A) 3 B) 1 (ONY D)

(-1 (2x-3)

lim 5 is

=l 2x"+x-3
(A) ) (B) 0 O 1 (D) None of these

jsin[x] .
If f(x)= 9 [x] ’ , where [.] denotes the greatest integer function ,
0 ,[x]=0

then )1(125 () is equal to
(A) 1 B) 0 ©) -1 (D) None of these

. Isinxl|

lim is

x—0 X
(A) 1 B) -1 (C) does not exist(D) None of these
Le X -1L0<x<2 0 drat ) n lim £(x) g

tf(x) = 2x+3, 2<% <3 the quadratic equation whose roots are 11! an

lim f(x) is
x—>2
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(A) ¥*-6x+9=0 B) ¥*-7x+8=0
(C) X—14x+49=0 (D) ¥ — 10x+21 =0
. tan2x —x .
66. lim——— is
x>0 3x —sinx
1 -1 1
(A) 2 (B) 5 ©) > (D) 2
(1.
67. Letf(x)=x-[x]; € R, then [ [Ej is
3
(A) 3 B) 1 (N (D) -1
68. Ify:&+%,then%atx:lis
A) 1 B l C L D) 0
(A) (B) > ©) 2 (D)
x4 i
69. Iff(x)= 2\/;,thenf(l)ls
A 2 B i O 1 D) 0
(A) 1 (B) 5 ©) (D)
1
1+—=
70. If y= lz,then%is
I-=
x
—4x —-4x 1—x2 4x
(A) -1 (B) 2] ©) yp (D) 21

sin x + cos x dy .
71. If Y=—— ,then — atx=0is
Sin x —cos x dx




72.

73.

74.

75.

76.
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1

(A) 2 B) 0 (®) 5 (D) does not exist

i 9 d
If y=M then L4 atx=01is

Ccos X dx
(A) cos9 (B) sin9 < 0 (D) 1
)C2 xlOO

If f (x) = 1 +x+7 ot Too" then f’(1) is equal to

1
(A) 100 (B) 100 (C) does not exist (D) 0

xX'—a
If f(x0)= ﬁ for some constant ‘a’, then f’(a) is

1
(A) 1 B) 0 (C) does not exist (D) 5
If f(x) = X100 + x® + ... +x + 1, then f7(1) is equal to
(A) 5050 (B) 5049 (C) 5051 (D) 50051
Ff(x)=1-x+x>—x*...—x* + x'% then f’(1) is eugqal to
(A) 150 (B) =50 (C) 150 (D) 50

Fill in the blanks in Exercises 77 to 80.

71.

78.

79.

80.

t .
If f@r)= —— then lim f(x) =
X—T

X
li i t— | =2, then m =
xlil’é (smmxco .\/gj
2 3
if y:1+£+—+x—+..., then ﬂ =
120 3 dx

.X
lim — =
>3 [x]




